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Yu. P. Chuburin
INVERSE SCATTERING PROBLEM FOR THE
SCHR

ODINGER OPERATOR WITH A SEPARABLE
POTENTIAL
Abstrat
We prove that the inverse sattering problem for the Shrodinger operator with
the separable potential an be redued to the solving of a ertain singular inte-
gral equation. We establish the uniqueness of the potential orresponding to given
sattering amplitude in the lass of separable potentials.
1 Introdution
In this paper, we onsider the Shrodinger operator in L2(R3) of the form
H = H0 + V , where H0 = −∆, V = λ(·, ψ0)ψ0 is a separable potential with
λ ∈ R and ψ0(x) ∈ L2(R3). We assume that V 6= 0.
In what follows, we use the notation
R0(p)φ(x) =
1
4pi
∫
R3
eip|x−y|
|x− y|φ(y)dy, (1)
where φ ∈ L2(R3) ∩ L1(R3), Im p ≥ 0. In the ase E = p2 ∈ C \ [0,∞) the
operator of the form (1) is the resolvent of the operator H0 at the point E.
The Lippmann-Shwinger equation in the ase under onsideration has
the form
ψ(x, k) = eik·x − R0(|k|+ i0)V ψ(x, k) =
= eik·x − λ(ψ, ψ0)
4pi
∫
R3
ei|k||x−y|
|x− y| ψ0(y)dy (2)
where k ∈ R3 and
(ψ, ψ0) =
∫
R3
ψ(x)ψ0(x)dx.
We onsider this equation in the lass ψ ∈ L∞(R3).
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We denote the sattering amplitude by
f(|k|, n, ω) = −λ(ψ, ψ0)
4pi
∫
R3
e−i|k|n·yψ0(y)dy (3)
where n = x/|x|, ω = k/|k| (see [1℄). By an inverse sattering problem we
mean a finding of the potential V using the sattering amplitude f given for
all (perhaps, suffiiently large) energies E = k2. (This is the third kind of
the inverse problem in [1℄).
In the sequel, we use the notation
φˆ(k) = (2pi)−3/2
∫
R3
e−ik·xφ(x)dx, φ ∈ L2(R3)
for the Fourier transform and φˇ for the inverse Fourier transform. We shall
denote by
Sφ(x) =
1
pii
∫
R
φ(y)
y − xdy
the singular integral operator (here we regard the prinipal value of the
integral). This operator ating, in partiular, in the spae L2(R1) (see [2℄).
2 Main equation
We assume that the funtion ψ0 satisfies the following onditions:
(1 + x2)ψ0 ∈ L2(R3), ψ0 ∈ L1(R3) ∩ L4/3(R3), (4)
|gradψ0| ∈ L1(R3) ∩ L4/3(R3),
∫
R3
ψ0(x)ψ0(y)
|x− y| dxdy 6= −
4pi
λ
.
Beause of the first ondition, there are exist the first ontinous derivations
of the funtion ψˆ0 in all variables. Making use of the seond and the third
onditions and also the Hausdorff-Young inequality [3℄, we obtain the inlu-
sions
ψˆ0(k) ∈ L4(R3) (5)
2
and
| ̂∂ψ0/∂xj(p)| = |pjψˆ0(p)| ∈ L4(R3), j = 1, 2, 3. (6)
We need the following theorem (see [1℄).
Theorem 1. Assume that the relation
1 + λ(R0(|k|)ψ0, ψ0) 6= 0. (7)
holds. Then there exists the unique solution of the Lippmann-Shwinger
equation (2) and
f(|k|, n, ω) = −2pi
2λψˆ0(|k|n)ψˆ0(|k|ω)
1 + λ(R0(|k|)ψ0, ψ0) . (8)
We introdue the notation
F (|k|) =
∫ 2pi
0
dφ
∫ pi
0
dθsinθf(|k|, ω, ω)
where |k|, φ, θ are the spherial oordinates of the vetor ω. Further, set
ξ(|k|) = ±|k|2
∫ 2pi
0
dφ
∫ pi
0
dθsinθ|
√
λψˆ0(|k|, φ, θ)|2. (9)
Here ± is the sign of λ (the argument of the funtion ψˆ0 is written in the
spherial oordinates). We assume that the funtion ξ is extended on the real
axis as even funtion.
Lemma 1The following relation
F (|k|) = − 4pi
2ξ(|k|)
|k|(2|k|+ ipi(1 + S)(ξ)(|k|) (10)
holds.
Proof. It is obviously that the funtion ξ(q) is ontinously differentiable
and summable on the real axis. Therefore, in the folowing transformations
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the Sohotskii-Plemelj formula an be used . We also hange the integration
order and use that the funtion ξ is even. Thus, we have
λ(R0(|k|)ψ0, ψ0) = λ(R0(|k|+ i0)ψ0, ψ0) = (11)
= λ(
ψˆ0(p)
p2 − (|k|+ i0)2 , ψˆ0(p)) = λ
∫ 2pi
0
∫ pi
0
∫ ∞
0
r2sinθ|ψˆ0(r, φ, θ)|2
r2 − (|k|+ i0)2 dφdθdr =
=
1
2
∫
R
ξ(q)dq
q2 − (|k|+ i0)2 =
1
2|k|
∫
R
ξ(q)dq
q − |k| − i0 =
=
1
2|k|(ipiξ(|k|) +
∫
R
ξ(q)dq
q − |k|) =
ipi
2|k|(1 + S)(ξ)(|k|).
By (8) and (11), we obtain (10). The lemma is proved.
We note that the funtion F an be extended to the whole real axis by
means of the right-hand side of the relation (10). Further, if the denominator
of the expression (10) is equal to zero, then the numerator of this expression
is equal to zero too. Therefore, for all q ∈ R the relation (10) an be rewritten
in the form
pi(iqF (q) + 4pi)ξ(q) + ipiqF (q)(S)(ξ)(q) = −2q2F (q). (12)
We introdue the notation
a(q) = 2pi(iqF (q) + 2pi), b(q) = 4pi2.
Then (12) redues to the equation
(
a(q)
2
(1 + S) +
b(q)
2
(1− S))ξ(q) = −2q2F (q). (13)
3 Uniqueness of the solution of the inverse problem
Lemma 2.The following relation
(R0(|k|)ψ0, ψ0)→ 0, |k| → ∞
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holds.
Proof. We have the relation
(R0(|k|)ψ0, ψ0) = 1
4pi
∫
R3
(
∫
R3
ei|k||x−y|
|x− y| ψ0(y)dy)ψ0(x)dx =
=
1
4pi
∫
R3
(
∫
R3
ei|k||y|
|y| ψ0(x− y)dy)ψ0(x)dx =
=
1
4pi
∫
R3
ei|k||y|
|y| (ψ0(−y) ∗ ψ0(y))dy. (14)
It follows from the inlusion ψ0 ∈ L1(R3) ∩ L2(R3) that
ψ0(−y) ∗ ψ0(y) ∈ L1(R3) ∩ L∞(R3).
Therefore,
1
|y|ψ0(−y) ∗ ψ0(y) ∈ L
1(R3). (15)
By virtue of (14),
(R0(|k|)ψ0, ψ0) = 1
4pi
∫ ∞
0
ei|k|ρf(ρ)dρ (16)
where
f(ρ) = ρ
∫ 2pi
0
dψ
∫ pi
0
dθsinθ(ψ0(−(·)) ∗ ψ0(·))(ρ, φ, θ) ∈ L1(0,∞).
(The last inlusion follows from the relation (15) in the spherial oordinates).
As well-known, the Fourier transform of the funtion beloning to L1(R3)
tends to zero when its argument tends to infinity. In view of (16), lemma is
proved.
Lemma 3. The inlusion q2F (q) ∈ L2(R) holds. In addition,
q2F (q)→ 0, |q| → ∞.
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Proof. Beause of (8),(9), we have
q2F (q) = − 2pi
2ξ(q)
1 + λ(R0(q)ψ0, ψ0)
. (17)
Therefore, to prove the first part of the lemma, as follows from Lemma 2, it
is suffiient to establish that ξ ∈ L2(R). Applying the Shwarz inequality to
the relation (9), we obtain
∫
R
|ξ(q)|2dq ≤ C(
∫ 2pi
0
dφ
∫ pi
0
dθsinθ
∫ ∞
0
q4|ψˆ0(q, φ, θ)|4dq)1/2 =
= C(
∫
R3
|p|2|ψˆ0(p)|4dp)1/2 ≤ C(
∫
R3
|p|4|ψˆ0(p)|4dp)1/4(
∫
R3
|ψˆ0(p)|4dp)1/4.
(18)
By (6), we have |p| · |ψˆ0(p)| ∈ L4(R3). From here in view of the relation
(5), it follows that the expression obtained in (18) is finite. This implies the
inlusion ξ ∈ L2(R).
Now, we prove the seond part of the lemma. Aording to the third
ondition in (4),
| ∂̂ψ0
∂xj
(0)| = |pjψˆ0(p)| → 0, |p| → ∞.
Thus, |p|·|ψˆ0(p)| → 0, as |p| → ∞. By virtue of (9), we obtain that ξ(q)→ 0,
as |q| → ∞. Beause of Lemma 2, this proves the desired result. The lemma
is proved.
We mean by an index indR a(q) of a omplex-valued funtion a(q) the
number of antilokwise revolutions of the vetor a(q) in the omplex plane
when q ∈ R varies from −∞ to ∞.
Theorem 1. Assume that for the given sattering amplitude f the follow-
ing relations
iqF (q) + 2pi 6= 0, q ∈ R,
6
indR (iqF (q) + 2pi) ≥ 0
holds. Then, the sattering amplitude f orresponds not more than one po-
tential in the lass of the potentials of the form V = λ(·, ψ0)ψ0 where ψ0
satisfies (4).
Proof. First, we prove that the funtion qF (q) is ontinuous. Note, that
the funtion ψˆ0 and, hene, the funtion ξ has the ontinuous derivative.
Further, the operator S transform the Holder funtions into the ones. Con-
sequently, the funtion (Sξ)(q) is ontinous. It follows from here by virtue
of the relations (17),(11), that the funtion qF (q) is ontinuous for q 6= 0.
The ontinuity of the funtion qF (q) at zero is the onsequene of the re-
lations (17),(14) and the last ondition in (4). Therefore, the funtion a(q)
in the Eq.(13) is ontinuous. In addition, by Lemma 3, the limits of the
funtion a(q) for q → ±∞ are the same and the right-hand side of Eq.(13)
belongs to L2(R). Thus, we an apply to this equation, taking into aount
the ondition of the theorem, Th.6.1 in [2℄ for the spae L2(R). It follows
from this theorem, that the number of the solutions of Eq.(13) in the lass
L2(R) is not more than unity. Assume that the funtions ±
√
|λj|ψ0j where
± is the sign of λj generate the potentials Vj, j = 1, 2, orresponding to the
unique amplitude f . What has been said above, implies, in view of (9),(11),
that signλ1 = signλ2 and the denominators on the right-hand side of (8) for
ψ0 = ψ0j, j = 1, 2, are equel. Therefore, the orrespondig numerators are
equel. Setting in (8) n = ω, we obtain that |√λψˆ01(q)| = |
√
λψˆ02(q)|. Let us
write the quantities
√
|λ|ψˆ0j(q) in the trigonometri form:
√
|λ|ψˆ0j(q) = |
√
λψˆ0j(q)|eiθj(q),
where θj(q) are the arguments of
√
|λ|ψˆ0j(q). Then, in view of the above and
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(8),
ei(θ1(q)−θ1(q0)) = ei(θ2(q)−θ2(q0)),
where q = |k|n, q0 = |k|ω. From this for the fixed q0, we obtain
√
|λ|ψˆ01(q) =
√
|λ|ψˆ02(q)eiθ0,
where θ0 = θ1(q0)−θ2(q0). Therefore, the funtions ψˆ0j, j = 1, 2 determinate
not more than one potential. The theorem is proved.
Corollary. Let |qF (q)| < 2pi, q ∈ R, then Th.1 is true.
Remark. The determination of the funtion ψ0 via the sattering ampli-
tude atually means the alulation of the solution of the singular integral
equation (13). In the ase κ < 0 the dimension of the spae of the solutions
of the orresponding homogeneous equation oinsides with |κ| [2℄. Thus, in
this ase the Eq.(13) is not solved uniquely.
We note, that by virtue of Lemma 3, there exists A > 0 suh that |q| ≥ A
imlies
| iqF (q)
iqF (q) + 4pi
| · ‖S‖L2(R) < 1. (19)
Theorem 2. To any sattering amplitude f there orresponds not more
than one potential in the lass of potentials of the form V = λ(·, ψ0)ψo where
ψ0 satisfies (4) and also the ondition
supp ψˆ0 ⊂ [A,∞).
Proof. We rewrite Eq.(12) in the form
ξ(q) +
iqF (q)
iqF (q) + 4pi
(Sξ)(q) = − 2q
2F (q)
pi(iqF (q) + 4pi)
.
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We regard this equation in the lass L2[A,∞) hanging Sξ by (Sξ)|[A,∞).
By (19), this equation always has a unique solution. The ompletion of the
proof an be derived similarly to Th.1.
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